Diagonalizable pseudo-Hermitian Hamiltonians with real and discrete spectra, which are superpartners of Hermitian Hamiltonians, must be η-pseudoHermitian with Hermitian and invertible η operators. We show that despite the fact that an η operator produced by a supersymmetric transformation, corresponding to the exact supersymmetry, is not invertible in the whole Hilbert space, it can be used to find the eigenfunctions of a Hermitian operator equivalent to the given pseudo-Hermitian Hamiltonian. Once the eigenfunctions of the Hermitian operator are found the operator may be reconstructed with the help of the spectral decomposition.
SUSY transformations. In [3] a possibility is discussed to transform nondiagonalizable Hamiltonians into diagonalizable ones and vice versa and in [4] the author stresses that SUSY transformations may create Hamiltonians with spectral singularities inside the continuous spectrum. Green functions for some complex SUSY partners of real potentials are calculated in [5] . In [6] SUSY QM is applied to study a dynamo effect and in [7] spontaneous breakdown of PT symmetry is related with the presence of the supersymmetry in the system.
One of the main features of supersymmetric transformations corresponding to the exact supersymmetry is that the transformation operator has a nontrivial kernel. This results in the property that a non-Hermitian diagonalizable Hamiltonian with a real and discrete spectrum, which is a super-partner of an initial Hermitian Hamiltonian, becomes (weak) η-pseudoHermitian where η = η † is not invertible in the whole Hilbert space. The possibility for η to be non-invertible was first considered by Fitio [8] and latter explored in [9] in the context of generating non-Hermitian Hamiltonians with real spectra. Nevertheless, these authors completely skipped the question whether or not a new Hilbert space, where the non-Hermitian operator becomes Hermitian, may be constructed with the help of such an η operator. Indeed, if η = o † o has a nontrivial kernel, ker o = Ø, a new inner product defined as (see e.g. [10] )
becomes positive-semidefinite even if the Hamiltonian is diagonalizable. In view of a theorem proved in [11] this means that such an η operator is not suitable for constructing the new inner product and there should exist another η operator which is invertible in the whole Hilbert space.
The main aim of the current Letter is to show that such an η operator may be used for constructing a Hermitian operator equivalent to the given non-Hermitian one acting in the same Hilbert space. Thus, the approach based on equivalence classes (see [12] ) proves to be more advantageous in this case than the usual scheme [10, 11] based on Eq. (1).
For simplicity we will consider a regular Sturm-Liouville problem defined by a differential expression h = −∂
) with a real-valued potential function V 0 (x), x ∈ [0, d] and the Dirichlet boundary conditions at x = 0, d. Under rather mild conditions on the function V 0 (x) (V 0 (x) is real and has a bounded derivative, see e.g. [13] 
(and, hence, operator h) has an unbounded real and discrete spectrum [13] E = E n = E * n with eigenfunctions ψ = ψ n = ψ * n , n = 1, 2, . . . Let D h be the domain of definition of h. It consists of the twice continuously differentiable functions defined ∀x ∈ (0, d) satisfying the Dirichlet boundary conditions. Let L be a first order differential intertwining operator between h and a non-selfadjoint operator
where in general V (x) is a complex-valued function which we will describe below. Actually, for the moment we consider H only as a differential expression but below we will supply it with proper boundary conditions which will transform H into a non-selfadjoint operator acting in the same Hilbert space
being an (essentially) complex (i.e. W must be complex) and nodeless solution to the differential equation hu = αu, α ∈ R and Lu = 0 (see e.g. [1] ). Note that if α coincides with one of the levels E n , n = 1, 2, . . ., i.e. α = E n 0 , the Hamiltonian H becomes non-diagonalizable (see e.g. [3] ), a possibility we would like to avoid. Therefore we will assume α = E n , n = 1, 2, . . ..
By this reason we have
From (4) it follows that if ψ satisfies the Dirichlet boundary conditions (see (2) ) then
From here we conclude that the functions ϕ n = Lψ n , n = 1, 2, . . . solve the following boundary value problem
This means that in the Hilbert space L 2 (0, d) a non-selfadjoint operator H with the domain of definition D H is defined. Domain D H consists of the twice continuously differentiable functions defined ∀x ∈ (0, d) satisfying boundary conditions (5) . It is important to note that the function ϕ 0 = 1/u also solves the boundary value problem (6) . This means that the spectrum of H consists of the levels E n , n = 1, 2, . . . plus E = E 0 = α = E n . From the point of view of SUSY QM this corresponds to the exact supersymmetry (see e.g. [14] ).
In what follows we do not need to use the full domains of definition of
Operator H † Hermitian adjoint to H is defined by the adjoint boundary value problem
with
. Its domain of definition D H † consists of the twice continuously differentiable functions defined ∀x ∈ (0, d) with the boundary conditions as given in (7). The spectrum of H † coincides with the spectrum of
In what follows we will use D H † which is the set of all finite linear combina-
where
From (3) and (9) one deduces that
Since the spectrum of H is real, it should be η-pseudo-Hermitian [11] , i.e. there should exist an invertible Hermitian operator η such that
If LL † were invertible, comparing (10) and (11) Operator LL † is a second order differential operator,
and in the space D H † it has a one-dimensional kernel with the basis function ϕ * 0 = 1/u * . From (10) it follows that it transforms eigenfunctions of H † to eigenfunctions of H except for E = α. Therefore using biorthogonality relation (8) one gets
It is not difficult to see that being defined on D H † operator LL † is selfadjoint and positive semidefinite. Therefore the boundary value problem
has a real non-negative spectrum λ 2 = λ 2 n , n = 0, 1, . . ., λ 0 = 0 with eigenfunctions Ξ = Ξ n , n = 0, 1, . . ., Ξ 0 = ϕ * 0 . Its Hermitian square root is well defined in L 2 (0, d) and may be written using its spectral decomposition
Let us consider the functions
From (13) 
is well defined on D h 01 . Moreover, from intertwining relation (10) it follows that it is Hermitian on D h 01 , h 01 = h † 01 and h 01 Φ n = E n Φ n , n = 1, 2, . . .. Therefore Eq. (17) may be rewritten as a couple of intertwining relations
Eqs. (18) mean that the operator (LL † ) 1/2 , being restricted to D h 01 , realizes an equivalence transformation between a restriction of H and h 01 . More precisely it transforms eigenfunctions Φ n of h 01 to eigenfunctions ϕ n of H,
. ., it realizes an equivalence transformation between h 01 and a restriction of H † . Now we will extend operator h 01 from the space D h 01 to the space D h 0 of all finite linear combinations of the functions Φ n , n = 0, 1, . . .. By construction one has D h 0 = D h 01 ⊕ D h 00 where D h 00 is a one-dimensional space with the basis function Φ 0 which is orthogonal to D h 01 . By this reason if we fix the additional eigenvalue of h 0 to be equal to E 0 = α, this continuation, if restricted to be selfadjoint, becomes unique
Here N n is a normalization coefficient of the function Φ n . Although this approach permitted us to construct a unique operator h 0 equivalent to H † , an invertible η operator may lead to another h 0 which is unitary equivalent to (19).
Let us consider the simplest case when the boundary value problem (14) may be solved exactly. It corresponds to transformation function u = exp (iax) with W = ia, α = a 2 . The initial boundary value problem (2) in this case has zero potential. For the transformation operator one gets L = −∂ x + ia and
The spectrum and eigenfunctions of LL † are λ
Since W does not depend on x the operator H has still zero potential but it is non-selfadjoint because of boundary conditions (5) which in this particular case read
We recognize here the boundary value problem generated by the Robin boundary conditions previously studied in [15, 16] . The spectrum of H contains all energy levels corresponding to the boundary value problem (2) with zero potential E n = k 2 n , n = 1, 2, . . . plus the level E 0 = α = a 2 and the supersymmetry is exact. The corresponding eigenfunctions (not normalized to unity) read
Eigenfunctions of H † are simply complex conjugated eigenfunctions of H, ξ n = ϕ * n . As it was mentioned above if α = E n , n = 1, 2, . . . both Hamiltonian H and H † become non-diagonalizable and therefore we have to assume a = πn/d, n = 1, 2, . . ..
To find eigenfunctions Φ n , n = 1, 2, . . . according to (15) and (16) we have to evaluate integrals s mn = Ξ m |ξ n , which are almost standard (see e.g. [17] )
and then to sum up the series (15) with (LL † ) 1/2 applied to ξ n . Using Eqs. 
